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Abstract Benzene molecules confined in carbon nanotubes of varying radii are
employed as semiconductors in electronic nanodevices, and their orientation deter-
mines the electrical properties of the system. In this paper, we investigate the interaction
energy of all the possible configurations of a benzene molecule inside various carbon
nanotubes and then we determine the equilibrium configuration. We adopt the contin-
uous approach together with the semi-empirical Lennard-Jones potential function to
model van der Waals interaction between a benzene molecule and a carbon nanotube.
This approach results in an analytical expression, which accurately approximates the
interaction energy and can be readily used to generate numerical data. We find that
horizontal, tilted and perpendicular configurations on the axis of the carbon nanotube
are all possible equilibrium configurations of the benzene molecule when the radius
of the carbon nanotube is less than 5.580 Å. However, when the radius of the carbon
nanotube is larger than 5.580 Å an offset horizontal orientation is the only possible
equilibrium configuration of the benzene molecule. In the limiting case, the orientation
of a benzene molecule on a graphene sheet can be derived simply by letting the radius
of the carbon nanotube tend to infinity.

1 Introduction

Nowadays, carbon nanotubes have been widely used in many applications of mate-
rials science, medicine and biotechnology [1–4], because of their excellent thermal,
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mechanical, electrical, biological and chemical properties [5,6]. A single-walled car-
bon nanotube is formed by rolling up a two-dimensional graphene sheet along the
chiral vector and therefore they inherit excellent electrical properties of the graphene
sheet which is known as a π -system. Electrical architectures of carbon nanotubes
are ideal for applications in semiconductors [7]. Zhou et al. [7] carry out electrical
measurements for carbon nanotubes of 2.8 nm and 1.3 nm in diameter at different tem-
peratures. They establish that at room temperature and zero gate voltage, the resistance
of the carbon nanotube is in the range of 160–500 k� if the tube diameter is greater than
2.0 nm and of the order of megaohms or higher if the tube diameter is less than 1.5 nm.
In other words, the electron transport capacity of carbon nanotubes is directly propor-
tional to their size. Kane and Mele et al. [8] use a theory of long-wavelength low-energy
electronic structure to explain the dependence of electronic properties of straight sin-
gle-walled carbon nanotubes as well as locally twisted and bent carbon nanotubes.
Coulomb interactions in carbon nanotubes are also investigated by Kane et al. [9].

The notion of introducing molecules into carbon nanotubes to change their elec-
trical properties for the purpose of creating semiconductors or superconductors to be
used in electronic nanodevices has been intensively investigated in recent decades. A
novel application formed by inserting C60 fullerene molecules into carbon nanotubes
are referred to as nanopeapods. The incorporation of fullerenes into carbon nanotubes,
which are all π -systems, creates superconductors because electrons can travel along
both the wall of the carbon nanotube and along the fullerenes. The impact of position
and orientation of the fullerenes inside carbon nanotubes on the electrical properties
of nanopeapods have been studied [2,10]. In a related application, Schulte et al. [11]
investigate the encapsulation of phthalocyanine molecules, which are metallo-organic
molecules and carry localized magnetic moments, inside carbon nanotubes. Phtha-
locyanine molecules possess strong optical absorption properties and therefore they
have been used in photovoltaic devices [12]. In addition, they also possess very good
bulk optical properties, such as dichroism and luminescence, which can be used in gas
detection applications [13]. The orientation of the phthalocyanine molecules inside
the carbon nanotube affects their optical, magnetic and electrical transport proper-
ties, which are investigated experimentally by Schulte et al. [11]. Aromatic hydrocar-
bon molecules are other molecules which have also received much attention due to
their excellent electrical properties. Aromatic hydrocarbon molecules are considered
as combinations of one or many rings whose structures are similar to the structure
of a benzene molecule. Aromatic hydrocarbon molecules are also π -systems and
therefore they have electrical properties similar to graphene sheets, carbon nanotubes
and fullerenes. Electronic confinement effects in carbon nanotubes of some aromatic
hydrocarbons, such as benzene, naphthalene and anthracene, have been studied [14].
Among aromatic hydrocarbons, benzene molecules, which have been used in molecu-
lar nanodevices [15,16], are normally chosen for study because they possess intrinsic
properties of aromatic hydrocarbons and moreover the small size of benzene mol-
ecules permits them to be encapsulated easily inside carbon nanotubes of various
diameters.

As mentioned above, the orientation and the position of benzene molecules inside
carbon nanotubes determines the electrical properties of the whole system. Van der
Waals interactions are recognized as the dominant interactions between benzene mol-
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ecules as well as between benzene molecules and carbon nanotubes and therefore they
are the key factors for determining the particular arrangements of benzene molecules
inside carbon nanotubes. The interaction between two benzene molecules, or a ben-
zene dimer, have been studied by many authors [17,18]. These problems are typical
for a class of problems of aromatic interactions which are key factors in explaining
stabilities of double helices of DNA and the global structure of proteins [19]. A study
on the general geometry of a benzene dimer is carried out by the current authors in
[20]. In [20], in order to model the interaction in a benzene dimer the present authors
use the semi-empirical Lennard-Jones potential function together with a continuous
approach, and each benzene molecule is assumed to be a combination of two concen-
tric rings, namely an inner carbon ring and an outer hydrogen ring. The major results
in [20] are the determination of an analytical expression for the interaction energy,
which readily permits numerical evaluation by algebraic packages, such as Maple or
Matlab, and the determination of all possible orientations of a benzene molecule with
respect to the other one, as the distance between the two benzene molecules varies.
This approach shows that it is much simpler and less computationally intensive than
conventional methods, such as ab-initio calculations or density functional theory, and
moreover it produces a very good approximation to the interaction energy [21]. More-
over, this approach can be readily applied to large molecules, such as carbon nanotubes
or graphene sheets. Here, we continue this approach to investigate the interactions of
a benzene molecule inside a carbon nanotube and to investigate the arrangements of
benzene molecules confined inside carbon nanotubes.

2 Mathematical modelling

A benzene molecule comprises six carbon atoms and six hydrogen atoms and the
distances from the center of mass to each carbon atom and hydrogen atom are 1.4 and
2.84 Å, respectively. Due to the symmetry of the structure, a benzene molecule can
be modelled as two concentric circular rings, an inner ring of carbon atoms and an
outer ring of hydrogen atoms (Fig. 1) and the interaction between a benzene molecule
and a carbon nanotube may be viewed as the sum of two interactions of rings with
the carbon nanotube. The total interaction energy between a benzene molecule and a
carbon nanotube is given by

E = E1 + E2, (1)

where E1 and E2 are respectively the interaction energies between the carbon and
hydrogen rings and the carbon nanotube.

The mathematical model for the problem of the interaction between a ring and a
carbon nanotube is illustrated in Fig. 2. The relative position of the ring with respect to
the carbon nanotube is defined by the rotational angle φ of the plane of the ring about
the y-axis, an offset distance ε from the center of the ring to the z-axis and a rotational
angle ψ of the center of the ring about the z-axis. The interaction energy between
the ring and a carbon nanotube is calculated using the semi-empirical Lennard-Jones
potential function as follows,
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Fig. 1 Model of benzene
molecule with inner carbon ring
and outer hydrogen ring

Fig. 2 Model for interaction between a ring and a tube

Er = η1η2

∫

C

∫

S

(
− A

ρ6 + B

ρ12

)
d Sd	, (2)

where ρ is the Euclidean distance between the line element d	 on the ring and the
surface element d S on the tube, η1 and η2 are the respectively line and surface atomic
densities of the ring and the carbon nanotube, and A and B are the attractive and
repulsive constants, respectively. Values of constants used in this paper are shown in
Table 1.

For convenience, we may rewrite Eq. (2) as follows;

Er = η1η2 (−AJ3 + B J6) , (3)

where
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Jn =
∫

C

∫

S

1

ρ2n
d Sd	, (4)

and the final analytical form of Jn is given by Eq. (A-9).

3 Results and discussion

Numerical values of the interaction energy for certain cases of the benzene-carbon
nanotube complex which are obtained using the hybrid discrete-continuous approach
and the present approach (continuous approach) are shown in Table 2. In the discrete-
continuous approach, the interaction energy between the benzene molecule and the
carbon nanotube is the sum of twelve interaction energies for six interactions of the
carbon atoms with the carbon nanotube and six interactions of the hydrogen atoms
with the carbon nanotube. Unlike the continuous approach, one more rotational angle
θ needs to be taken into account to describe the position of each atom on the ben-
zene molecule. Due to the symmetry of the benzene molecule, we only need consider
θ ∈ [0, π/3). From Table 2, we can see that the numerical values for the interac-
tion energies obtained using the continuous approach agree well with those of the
discrete-continuous approach.

The equilibrium configuration of the benzene molecule inside a carbon nanotube is
the configuration which produces the smallest interaction energy. In general, an equi-
librium configuration is determined by a set of values ε, ω and φ which are the roots
of the three-equation system ∂E/∂ε = 0, ∂E/∂ω = 0 and ∂E/∂φ = 0. Interestingly,
for any given offset distance, the minimum interaction energy is always obtained at
ω = 0. As illustrated in Fig. 3, the minimum points on the curves of the interac-
tion energy from ω = 0 are always the lowest interaction energy points regardless

Table 1 Numerical values of constants used in the model

Carbon ring radius 1.400 (Å)

Hydrogen ring radius 2.480 (Å)

CNT (8,6) radius 4.762 (Å)

CNT (9,6) radius 5.119 (Å)

CNT (10,10) radius 6.780 (Å)

CNT (13,13) radius 8.814 (Å)

Carbon ring atomic line density 0.682
(

Å−1
)

Hydrogen ring atomic line density 0.385
(

Å−1
)

CNT atomic surface density 0.382
(

Å−2
)

C-C attractive constant 560.44
(

kcal/mol × Å6
)

C-H attractive constant 129.67
(

kcal/mol × Å6
)

C-C repulsive constant 1,121,755.66
(

kcal/mol × Å12
)

C-H repulsive constant 91,727.95
(

kcal/mol × Å12
)
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Table 2 Interaction energies computed using discrete-continuous and continuous approaches

ψ( rad) φ( rad) ε(Å) R(Å) Edis ( kcal/mol) Econt ( kcal/mol)

θ = 0 θ = π/6 θ = π/4

0 π/2 0 5.089 −17.799 −17.799 −17.799 −17.762

π/8 π/3 0.5 5.424 −18.016 −18.047 −18.008 −17.994

π/6 π/4 0.85 6.102 −12.755 −12.758 −12.738 −12.730

π/4 π/6 0.33 5.766 −14.003 −13.929 −13.957 −13.937

π/3 0 1.26 6.780 −8.468 −8.415 −8.442 −8.424

π/2 π/5 2.52 8.814 −4.199 −4.198 −4.199 −4.190

of the value of ε. In other words, the equilibrium configuration is always obtained at
ω = 0. Thus, for a given carbon nanotube, we can determine the equilibrium config-
uration of the benzene molecule by solving the two-equation system, ∂E/∂ε = 0 and
∂E/∂φ = 0, at ω = 0. However, before determining the equilibrium configuration
of the benzene molecule inside a carbon nanotube, we investigate changes occurring
in the orientation of the benzene molecule as the offset distance ε varies. The inves-
tigation provides an insight into behaviors of the benzene molecule inside a carbon
nanotube.

Figure 4 shows the orientations of the benzene molecule which produce the min-
imum interaction energies as ε changes from zero for the carbon nanotubes (8, 6),
(9, 6) and (9, 7). These equilibrium configurations occur on the axis of carbon nano-
tubes but at different orientations. In more detail, these equilibrium configurations are
obtained at φ = 0 (E = −16.159 kcal/mol), φ = 0.913 (E = −20.414 kcal/mol)
and φ = π/2 (E = −19.094 kcal/mol), respectively, and we refer to them as the
horizontal configuration, the tilted configuration and the perpendicular configuration,
respectively. Our calculations show that an equilibrium configuration always occurs
on the axis for carbon nanotubes provided that R < 5.580 Å. The changes that occur
in the orientation and the interaction energy for the equilibrium configurations of the
benzene molecule when R is less than 5.580 Å are shown in Fig. 5. We see that the
horizontal configuration is dominant in the region R < 4.767 Å, while the tilted con-
figuration is dominant for values of R in the region of (4.767, 5.425) and the perpen-
dicular configuration is the more stable configuration when 5.425 Å ≤ R ≤ 5.580 Å.
Among these equilibrium configurations, the equilibrium configuration of the benzene
molecule inside a carbon nanotube with R = 5.115 Å produces the smallest interac-
tion energy, which occurs at φ ≈ 52◦ (Fig. 5b). Table 3 shows the results for the
equilibrium configurations and the corresponding interaction energies of the benzene
molecule inside carbon nanotubes which have radii less than 5.580 Å.

When R � 5.580 Å, the equilibrium configurations no longer occur on the axis of
the carbon nanotube but at an offset horizontal configuration. This is the only equi-
librium configuration of the benzene molecule inside the carbon nanotubes for which
R � 5.580 Å. As illustrated in Fig. 6 which shows orientations of the benzene mole-
cule which produce the minimum interaction energies as ε changes from zero for the
carbon nanotubes (10, 10) and (13, 13), respectively, we see that in both cases, the
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Fig. 3 Interaction energy distribution: a (ε, R) = (0.6, 4.762), b (ε, R) = (0.5, 5.119), c (ε, R) =
(2.0, 6.780), d (ε, R) = (3.8, 8.814). The solid, dotted, dashed and dashed-dotted lines correspond to
ψ = 0, π/6, π/4, and π/3, respectively

benzene molecule only obtains an equilibrium configuration at φ = 0 and for a non-
zero offset distance. The values of the offset distance and corresponding interaction
energy of the equilibrium configurations are 3.021 Å and −15.795 kcal/mol, 5.194 Å
and −13.843 kcal/mol, respectively. As R increases, the magnitude of the interaction
energy for the equilibrium configurations decreases. Table 4 lists the offset distances
and the corresponding interaction energy of some of the equilibrium offset horizontal
configurations for the benzene molecule when R � 5.580 Å. In this table, we use
ε0 for the offset distance of the equilibrium configuration and d0 = R − ε0 for the
distance from the wall of the carbon nanotube to the center of the benzene molecule.
Mathematically, as R tends to infinity, the present problem becomes the problem of
the interaction of a benzene molecule with a graphene sheet. This is also reflected
in Table 4 as R increases when d0 and the interaction energy of the offset horizontal
configurations tend to the values of the distance and interaction energy of the equi-
librium parallel configuration of a benzene molecule with a graphene sheet which
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Fig. 4 Values of interaction energy and rotational angle for configurations producing smallest interaction
energies for carbon nanotubes (8, 6) (a, b), (9, 6) (c, d) and (9, 7) (e, f) as the offset distance changes

Fig. 5 Interaction energy distributions at ε = 0

are given in [22,23]. Using the van der Waals density functional theory, Chakarova
et al. [22] obtain the values of the interaction energy and the equilibrium distance of a
benzene molecule with a graphene sheet as −11.421 kcal/mol and 3.6 Å, respectively.
By measuring the thermal desorption of a benzene molecule on the surface of a graph-
ene sheet, Zacharia et al. [23] also obtain the value of the interaction energy for this
configuration to be −11.5636 ± 1.846 kcal/mol.

4 Conclusion

In this paper, we model the van der Waals interaction between a benzene molecule and
a carbon nanotube by using the continuous approach together with the semi-empirical
Lennard-Jones potential function. An analytical expression for the interaction energy
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Table 3 On axis equilibrium
configurations inside carbon
nanotubes for radii less than
5.580 Å(φ0 is the value of
rotational angle)

Carbon R (Å) φ0 ( rad) Interaction energy Equilibrium
nanotube (kcal/mol) configuration

(7,7) 4.746 0 −15.622 Horizontal

(8,6) 4.762 0 −16.159 Horizontal

(9,5) 4.810 0.330 −17.483 Tilted

(8,7) 5.089 0.871 −20.400 Tilted

(10,5) 5.178 0.995 −20.344 Tilted

(8,8) 5.424 1.540 −19.187 Tilted

(9,7) 5.438 π/2 −19.094 Perpendicular

(10,6) 5.480 π/2 −18.785 Perpendicular

Fig. 6 Values of interaction energy and rotational angle for configurations producing smallest interaction
energies for the carbon nanotubes (10, 10) (a, b), (13, 13) (c, d) for variable offset distance

is obtained which is used to determine the orientation and position of a benzene mol-
ecule inside carbon nanotubes of various radii. We find that there are three different
equilibrium configurations of the benzene molecule, namely the horizontal, the tilted
and the perpendicular configurations, that become available on the axis of the carbon
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Table 4 Equilibrium offset horizontal configurations for benzene molecule inside carbon nanotubes with
R > 5.580 Å

Carbon nanotube R (Å) ε0 (Å) d0 = R − ε0 (Å) E ( kcal/mol)

(11,11) 7.458 3.770 3.688 −14.965

(14,14) 9.492 5.893 3.599 −13.455

(18,15) 11.202 7.450 3.752 −12.817

(20,21) 13.900 10.36 3.540 −12.110

(25,22) 15.944 12.416 3.528 −11.803

(30,28) 19.666 16.156 3.510 −11.465

(35,40) 25.444 21.960 3.484 −11.238

ε0 is offset distance from the center of benzene molecule to axis of carbon nanotube, d0 is distance from
the wall of carbon nanotube to center of benzene molecule

nanotube as the radius of the tube varies for R < 5.580 Å. For R � 5.580 Å, the
offset horizontal configuration is the only equilibrium configuration. When the value
of R is sufficiently large, the results obtained here become a good approximation
for the interaction between a benzene molecule and a graphene sheet. The present
study together with [20] for the interaction between two benzene molecules permits
the determination of the arrangement of benzene molecules confined inside carbon
nanotubes of various radii.

Appendix A: Analytical evaluation of Jn

In this appendix, we provide a formal evaluation of the integrals Jn as defined by
Eq. (4) which can be rewritten as

Jn = r R

2π∫

0

2π∫

0

∞∫

−∞

1

ρ2n
dzdβdα, (A-1)

where ρ2 = (r sin α sin φ + ε cosψ − R cosβ)2 + (r cosα + ε sinψ − R sin β)2 +
(r sin α cosφ − z)2 is the distance between a point on the ring and a point on the
surface of the carbon nanotube. For convenience, we introduce K1 = (r sin α sin φ +
ε cosψ− R cosβ)2 +(r cosα+ε sinψ− R sin β)2 and then we make the substitution
K 1/2

1 tan θ = (z − r sin α cosφ) into Eq. (A-1) to obtain

Jn = r R

2π∫

0

2π∫

0

1

K
n− 1

2
1

dβdα

π/2∫

−π/2
cos2n−2 θdθ, (A-2)

which can be simplified as follows
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Jn = π(2n − 3)!!r R

2n−1 (n − 1)!
2π∫

0

2π∫

0

1

K
n− 1

2
1

dβdα, (A-3)

since
∫ π/2
−π/2 cos2n−2 θdθ = π(2n −3)!!/[2n−1(n −1)!]. On rewriting K1 as a function

of β, Eq. (A-3) becomes

Jn = π(2n − 3)!!r R

2n−1 (n − 1)!
2π∫

0

2π∫

0

1[
R2 + X2 + 2R X cos(β − β0)

]n− 1
2

dβdα, (A-4)

where β0 = arctan((r cosα + ε sinψ)/(r sin α sin φ + ε cosψ)) and X =
[(r sin α sin φ + ε cosψ)2 + (r cosα + ε sinψ)2]1/2. The integrand in Eq. (A-4) is a
periodic function of β with period of 2π , so we may change the limits from (0, 2π) to
(β0, 2π+β0)without changing the value of the integral and therefore we can omit the
term β0 in Eq. (A-4). On using the trigonometric relationship cosβ = 1−2 sin2(β/2)
and then substituting t = sin2(β/2), we obtain the standard integral representation
of the hypergeometric function (eqn. (9.311), page 1005, [24]), and Eq. (A-4) can be
written as follows

Jn = π2(2n − 3)!!r R

2n−2 (n − 1)!
2π∫

0

(R + X)1−2n F

(
n − 1

2
,

1

2
; 1; 4R X

(R + X)2

)
dα. (A-5)

On using the transformation (1 + z)−2a F
(
a, b; 2b; 4z/(1 + z)2

) = F(a, a − b +
1/2; b +1/2; z2) (eqn (9.134(3)), page 1009, [24]) for the integrand in Eq. (A-5) with
z = X/R, we obtain

Jn = π2(2n − 3)!!r
2n−2 (n − 1)!R2n−2

2π∫

0

F

(
n − 1

2
, n − 1

2
; 1; X2

R2

)
dα, (A-6)

and since the ring is inside the tube, we have |X/R| < 1 and the hypergeometric series
is always convergent. Therefore, we can change the orders of the integration and the
summation to obtain

Jn = π2(2n − 3)!!r
2n−2 (n − 1)!R2n−2

∞∑
i=0

(n − 1
2 )

2
i

(i !)2 R2i

2π∫

0

X2i dα. (A-7)
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The integrand in Eq. (A-7) can be expanded using binomial expansions to yield

Jn = π2(2n − 3)!!r
2n−2 (n − 1)!R2n−2

∞∑
i=0

(
n − 1

2

)2
i

i !R2i

i∑
j=0

2 j∑
k=0

2i−2 j∑
m=0

( j + 1) j (i − j + 1)i− j

(2 j − k)!k!(2i − 2 j − m)!m!

×rk+mε2i−k−m sink φ cos2 j−k ψ sin2i−2 j−m ψ

2π∫

0

sink α cosm αdα, (A-8)

and the integral in Eq. (A-8) is evaluated as (eqn. (8.380(3)), page 908, [24])

2π∫

0

sink α cosm αdα =
{

2B
( k

2 + 1
2 ,

m
2 + 1

2

)
k and m are even integers,

0 k or m is an odd integer,

and therefore the final form of Jn becomes

Jn = π2(2n − 3)!!r
2n−3(n − 1)!R2n−2

∞∑
i=0

i∑
j=0

j∑
p=0

i− j∑
q=0

(
n − 1

2

)2
i ( j + 1) j (i − j + 1)i− j

i !(2p)!(2q)!(2 j − 2p)!(2i − 2 j − 2q)!R2i

×r2p+2qε2i−2p−2q sin2p φ cos2 j−2p ψ sin2i−2 j−2q ψB

(
p + 1

2
, q + 1

2

)
,

(A-9)

where p = k/2 and q = m/2. We comment that although this seemingly lengthy
expression appears complicated, it can be readily evaluated using standard algebraic
computer packages such as Maple.
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